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In the late 1940s N. Steenrod posed the following problem, which is now familiar as 
the problem on realisation of cycles. For a given homology class z G H n (X;Z), do there 
exist an oriented manifold N n and a mapping / : N n —> X such that /*[iV n ] = z? A 
famous theorem of R. Thorn claims that each integral homology class is realisable in sense 
of Steenrod with some multiplicity. A classical problem is the problem of realisation of 
cycles by images of spheres, that is, the problem of the description for the image of the 
Hurewicz homomorphism. In this case not every homology class can be realised with 
multiplicity. It is interesting to find a class M. n of smooth n-dimensional manifolds 
sufficient for realisation with multiplicities of all integral n-dimensional homology classes 
of every space X. The following theorem is the main result of this paper. 

Theorem. Suppose M n is the isospectral manifold of real symmetric tridiagonal 
(n + 1) x {n + 1) matrices and X is an arbitrary arcwise connected topological space. 
Then for each homology class z G H n (X; Z) there are a connected finite-fold covering 
p : M n M n and a mapping f : M n — > X, such that f*[M n ] = qz for some positive 
integer q. 

C. Tomei [T] proved that M n is an aspherical smooth oriented manifold. (A manifold 
is called aspherical if it has homotopy type K(ir, 1).) The group 7Ti(M n ) was computed 
by M. Davis He proved that it is isomorphic to a torsion- free subgroup of finite index 
of the Coxeter group 

W = (si, . . . , s n ,n, . . . ,r n | si = r\ = 1, SiSj = SjSi for \i - j\ > 1, 

s i s i+l s i = s i+l s i s i+li r iTj = s i r j = r j s i f° r i 7^ j) ■ 

Corollary. Every integral homology class of every arcwise connected space can be re- 
alised with some multiplicity by an image of an oriented aspherical smooth manifold with 
fundamental group isomorphic to a torsion-free subgroup of finite index of the group W . 

Put [n + 1] = {1, 2, . . . , n + 1}. Let S be the set of all nonempty subsets w C [n + 1], 
uj 7^ [n + 1]. The permutahedron IT n is the convex hull of the points obtained by all 
possible permutations of coordinates of the point (1, 2, . . . , n + 1) G The per- 

mutahedron is an n-dimensional simple convex polytope. Its facets are in one-to-one 
correspondence with subsets uj G S. Facets F W1 and F W2 intersect each other if and only 
if either U\ C u 2 or uj 2 C a>i. Any face of the permutahedron IP has form F W1 Pi ... n F Wfc , 
where £ U\ £ ... £ uj k [n + 1]; the barycenter of this face will be denoted by 

il, „,nr). 

C. Tomei [I] constructed a decomposition of the manifold M n into 2 n permutahedra 
of the form M n = (Zg x II n )/ ~, where the equivalence relation ~ is generated by the 
identifications (g,x) ~ (e\ u \g,x) for x G F^. Here e±,...,e n are the generators of the 
group Z2 . Let [g, x] be the equivalence class of (g, x). Let us give an explicit construction 
of a decomposition of the manifold M n into permutahedra covering the decomposition of 
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the manifold M n . Every homology class of an arcwise connected space can be realised 
by an image of a strongly connected oriented pseudo-manifold Z n (for definition, see P, 
§24]). Hence we suffice to prove Theorem only for the case X = Z n and z = [Z n \. Taking 
the first barycentric subdivision of the complex Z n we may assume that its vertices are 
regularly coloured in colours from the set [n + 1]. ("Regularly" means that any two 
vertices connected by an edge are coloured in distinct colours.) By /x(<r) we denote the 
set of colours of vertices of a simplex a. For an n-dimensional simplex a by b w (a) we 
denote the barycenter of the face r C o such that fi(r) = to. 

By U we denote the set of n-dimensional simplices of the complex Z n . Since the vertices 
of Z n admit a regular colouring, we obtain that the set U can be decomposed into two 
parts U + U LL so that two simplices possessing a common facet belong to distinct parts. 
For each uj G S we denote by V w the set of involutions A : U — > U such that A(U±) = U T 
and /i {a fl A((t)) D uj for every simplex o G U. The sets are nonempty. Define 
a homomorphism 77 : 1% — > Z2 on the generators by t](ei) = —1. Define a set V and 
involutions & u : V — > V by 



V = I f/.xJJ^xf^l) U kxJJ^xfVl) c[/x[[? u xZ^ 



$ w ^tr, (A 7 ) 7g5 ,#J = I A«(<7), ^J^^^i^ 

where A 7 = A w o A 7 o A^ if 7 C uj and A 7 = A 7 if 7 ^ c<j. 

Put M n = V x n n / ~, where the equivalence relation ~ is generated by the identifi- 
cations (v,x) ~ (Q> u (v),x) for x G 

The projection p : M n — ► M n is given by p([(cr, (A w ) we 5, gr), x]) = [g, x]. The mapping p 
is well defined and is a finite-fold covering. Therefore M n is a smooth oriented manifold. 

Let K be the barycentric subdivision of the constructed decomposition of the man- 
ifold M n into permutahedra. Define a mapping / : M n — > Z n on the vertices of the 
triangulation K by /([f, & W i,...,WA.(n n )]) = 6 U1 ((7) and extend it linearly to every simplex 
of K. The mapping / is well defined and /»[¥"] = q[Z n ], where q = 2 n ~ l Y\ u es 1^1- 

The obtained manifold M n is not necessarily connected. The required manifold is an 
arbitrary connected component of the manifold M n . 

The manifold M n implicitly appeared in the author's paper [1] as a special case of 
a general construction of realisation of cycles. The decomposition of the manifold M n 
constructed in the present paper is distinct from the decomposition constructed in [1] 
and is adapted for proving that M n covers M n . 

The author is grateful to V.M. Buchstaber for posing the problem and permanent 
attention and to S.M. Natanzon, A.V. Penskoi, A.B. Sosinsky and O.V. Schwarzman for 
useful discussions. 
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